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I,:flntroduction '

1An economlcalltechnlque-ls presented for‘solv1ng the
boundary layer equatlons that yleld the surface fluxes of "
momentum,;heat and m01sture for unstable condltlons. ’The

ilmethod 1s “intended to replace the i, teratlve scheme used 1n

’the Natlonal Meteorologlcal Center s Medlum Range Forecast

i model (MRF) .

7'The MRF formulatlon uses Obukhov s1m11ar1ty theory whlch

SR p051ts the ex1stence of nondlmen51onal 'unlversal’ functlons

o Ge ti CQ Q : ) that are functions of only
FZ/L where L is the Obukhov length. The @ M' @ |
1

-functlons glve the nondlmen51onal vertlcal shears of w1nd

.bspeed potent1a1 temperature, and spe01flc humldlty::

e mio

« P% (1e2)
Rz % _ @ (=zv) . = |
Z‘ . Q ; 39:»,» : " (1.3)



h~;551m11ar1ty theory.; The turbulent scallng parameters u *,

“fden these relatlonsr “h]‘H h Q‘

7°f?f1uxes of momentum, heat and humldlty,

e%, %* have the same unlts as w1nd speed potentlallngih.;;wf‘"‘

"temperature, and spe01f1c hum1d1ty and deflne the surface g

‘sturbulent fluxes.- That 1s,‘d

_,__......ﬂm-w-—-—x
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"ndfstressfyo IS the den51ty of alr,vﬂq}




_air at 66nstant'pressure;éi;i$_?hgjiaﬁeﬁtyhéat“0£4u

‘evaporation;‘,Rewriting‘(151f@)¢_we,have,

F,=—pus = vf“"@%)% @ 2% (1.7)

™M DU § =

(F‘“VT»‘* Plp NyBy = F’C@(E’\%) (Cem C?H). 3z = a8

. Fug | |
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~Many flux-profile relations have been propOSed‘fbr sz)k{,Q
(see, for example, Yaglom, 1977, for a‘survey); Most of the
relations for the:unstable case that have beén used in

“numerical forecast or simulation models are of the form

L




CQQ(g).- CQ (%) @ (\—QL §) ?“ (111)

“"lThe Bu51nger et al.v(1971) formulationlis probably thehmost

‘~gfphys1cs formulatlon uses the @pm H
: ; 2

ﬂofrequently used formulatlon 1n numerlcal forecast modellng.

1For the Bus1nger relatlons,,the relevant constants are:

o —1 a'*o v sa :
" W "l\oL A\ q §>H 3%« MY

" The relat1ons proposed earlle “byﬁDYer.(1967) use & aTﬂ H:=\>

;‘O(M H , xE §> -09.'75 and SJH_D 55 TheMRF

.n;k_"g ? ?w fu, :Jg

“lproposed later by:ﬂyer (1974) and chks (1976)

C@ue= Qmres) S
0= (m1eg ™t = e e

'From a numerlcal v1ewp01nt Dyer s orlglnal relatlons are -
"cumbersome ‘since’ they result 1n no known closed form

1v1ntegrals of (2 14 - 17) These 1ntegrals are needed for

I athe 1 teratlve solutlon for % that is requlred for the



computation of - q:Eg»qur , (see sectionvII) On the .

tvotherhand the selectlon of the Dyer-H1cks relations for the

'surface layer turbulent formulatlon is’ partlcularly '

: fortunate s1nce the e allt of ds -
and'-zctﬁr;’a.uﬁsi‘_ 51mp11f1es the solutlon for % compared
to either. Bu51nger S or to Dyer’s’ earller formulatlon.v

' .It.must be. recognlzed however, that the pre01se valnes of
vjéflgﬂ )_§P14,§rg' ~and <1 ﬁ; are not known and are i
subject to controversy For example, Dyer (1974), 1n a.“
rev1ew of. several flux—proflle relatlonshlps commentsi
"the results of'Bu51nger et al. (1971) remaln a dlfflcultyw
whlch calls for cons1derab1e clarlflcatlon" 1 In addltlon,

C: arl et al used a comp051te of tower data to determlne

R R (&) . ‘Their results are,
. -/ : ‘ .
CQ'M () = ‘Q_,“G’%) -2 | (1.4

(1.15)

R (D2 074 (- 168N

- _and also



The Eus1nger and Dyer—chks flux—proflle laws stand 1n sharp
'contrast to the free-convectlon proflle laws. the free-
}convectlon relatlons requlre that the turbulent fluxes*
f'become 1ndependent of Wlnd shear for large——gé;h Thls o
“dlstlnctlon is 1mportant 51nce computatlonal experlence

shows that the Bu51nger-Dyer—chks solutlons for g q: andfT:
1can run out of. control for progress1vely smaller Wlnd shears,
’E\J ['3:% —> O - We Wlll return to thlS ev1dently
1mportant dlstlnctlon in Sectlon II but for now we- shall

assume that (1 12 - 13) are correct for domalns in which we

shall apply them.,

II. Solutions of the Flux-Profile Relations

- A. - General

In this section we develop some relations between § (=2/L),
,‘the'gradient"Richardson'number‘(R), and the bulk Richardson 1
‘number (Rg ). The bulk Rlchardson number $§7 used to

‘determine 5 . The‘surface~fluxes can then be,computeﬁ%from..

We begin by suhtitﬁing (1.1, 2) into a'defining relation for

the Obukhov length,

L : % _UL;:.{@%“\ SR RE AR \ (2.1)




Panofiky (1978) suggested it

'e‘Eqs.~(1 14), (1 16),;and (1 17) are con51stent w1th local
jfi,free-convectlon, asc;s.the Wyngeard et al. (1978) comment

‘.that ‘li;f;#t” L

CQ (%) 0. ’L?,(-§)

., flts the Kansas data (Wyngaard and COte, 1971) about as well

h-egfas the Bu51nger proflle 1n the domaln 0. 5- g é_vz;elpffﬂ'




”5TeThe gradlent Rlchardson number

. The result is .

”,f>"  a_e:, 2:’Ea}alei;et aA ; .f;~‘f g e,;r  '   :

_in which the.gradient RichardsQﬁ-number Reis.defined‘bi;‘”

mblned w1théthe Dyer—chks

’ flux-proflle relatlons yleld ;the's1mple result for {% %410

ﬂ-; (2 "4») ‘

 _Th1S equallty between R and % (foi' % o ) is;
'unfortunately, of 11tt1e practlcal value 1n numerical
fforecast,modelsi such as the MRE, that,havevllmlted-vertiéal‘

reSolution{ aInathesequdelsfthe local gradient Richardsoﬁ”a



5number'cannot be computed with'fidelity, and the bulk
'Rlchardson number is usually the best that can be done. The
' bulk Rlchardson number between two levelsi% and '%

defined as

e (28

~In (2.5), g is th_e;,aciceleratio’n due to gravity: 8 is a
3~repreSentative (or average) potential temperature“betWeen-
2, and 2, ; 'A,e‘:: ec‘a;_):ee): v= U(z D=V h=2,-%, -
:For modellng purposesgz, is usually the helght ‘of the flrst
‘1ayer or the m1dp01nt of the flrst layer. In elther'casere
. generally haye % 2 }) %‘ - 20, o h; %-z_"%t k-ﬁz 22;' , .
- Expressions for U andi&94Maybbe_derived;by?eombining (1.1,

2) and (1.4 -6),

AG‘;‘ % 2, (\ - )"'&.’- '(2",7‘).



| The results of the integration of (2.6) and (2.7) are,

e U (%>~§ ) VLS BB 5 e

o Ae =8 BlGnsEay o o,

. ‘“for. Whl ch e have, i

 rm- W[




Q":Q—d\i)l 5 Qozb \“d‘._ifs' : ‘ :
Q. T/ > T /). (213 a,p)

It is customary to.eXpreSs'(Z.Sj-‘lB} in awé6méwhat

different but otherwise equivalent'fdrm,w';_ o

(2".

(2.

(2.

15)

.16)

17)



Theffunotions"TE-ﬁz“: iireﬁresent the deviation‘from“

*.near—neutrallty for condltlons close to neutral - we have

”Thek'standardfformf (2 14 - 7) for 139 and U are more
h_oonvenlent to ‘use. than ‘Fh k!'b;, For condltlons |

‘“;sufflclently close to neutral an'attempt to calculatet_Fﬂﬁ

‘,.jor F can: lead to computatlonal fallure..ilhistiability.is"

:not shared by the standard forms. The cohﬁutatlonal failure
Cis caused by-Rov and Gk approach1ng unlty for near—neutral

‘condltlons and small'%- | Wlth,llmlted prec:.s:.on,'K° \ andj\'

Q ~1 can be erroneously co’ d‘as negatlve numbers w1th

.very small absolute Values | ] fsxcauses the arguments of ;f

':5ﬂthe logarlthmlc functlonsﬁtmlbecome large negatlve numbers,V

, and the computatlons halts.



~ The transfo'rmation of Fﬁ wto thé standard form c}an,be&i»“
accompllshed by manlpulatlng (2.10, ll)n.' Byf'usingﬂ_rsomem@
- s1mp1e algebra we have -
(R -~V (R, +\) |
(Kz“)(?‘ ) IS |
‘ : R%“E <Ro\\) (R )
(Rer)(Ro-Y
= REDV(R+NE(RI+ 1)
o 2 y U
(R2+\)_(RE+91 (R~ \)

':"_ z QH“R@) (\{-R )
| Qv Genl)

i (2.18)

from which o

L M (e ReP (1 BE L Sl
YN (‘*Ru)?‘\"‘R’.) 'L'tov‘ﬁ‘%@

- (2.19)

¥ 2tan”'R

-

fbll_dws . A similar J;es‘truct;};ﬁvﬁgof E{ yiglds



 InfAr Q)

| (2.20)

:‘,Slncevthe‘factors in- '9{ H are all greateruthan unlty;

»hthere 1s no danger of computatlonal fallure as is the case ‘

.lyw1th Fﬁ H f:,f The computatlon of %JL fromlJ ‘AB ?? ;1and
‘ % is more difficult than from ?U/ai and ?e/az ‘The”“ SR

‘}relatlon 1nvolv1ng the gradlent Rlchardson number

§= CQC%)

is replaced by

S
e .F“l_" ‘Re

Ci(zia1)




E>.‘(2.21)7unfortunately yields no éuch‘simple relation‘es-'
in (2.4) (i. e.,§ R ) For conditions close to‘neutralgv

however,jf- —ao ‘and

)

g—-> Sn= Re '»le

£,
o Z

o (2.22)

As .,. Ryg inefeeses, ‘\__{M,H xinC‘:‘r‘ease,. and %’,}\.;% , becbmes
‘incfeaéingly inaccﬁrate .Neveftheleés, the near—neutral
' vresult %,, %N  11s a reasonably accurate f1rst |

approx1matlon to (2 21) over a falrly W1de range of'—RB

=

and

-

-]

 To partlally support thls'clalm, we w111 examlne the~

- behav1or of (2. 21) for smaliivalues of-—gv%vﬁFromzthe‘ie“ ”

deflnltlons of qa H

Q= 0-%8) 7,

we have



. and

& —~§ ) + ch m

: 7{*  (2.25)

E‘zg % “v ﬁ-‘ §\> i O(gz ..,.})

e If We‘_;'}ne,g“vl'ev'ctv ‘§° in cﬁor'dpa'rfis'bn to g , ( 2.21) becomes,

T . (2. 26)



197 2
He

"(QM;EJ“QKME) (ﬂm%:ucot %> R

a

R yﬂt " K (OLV\ atq‘)g 3 DC%?-)  ‘(‘2..2"7")":."".

-

Ra*%i‘; (d«‘w%) & szm

.L,
Zo 2.

'as -a f1rst - order approx1matlon.h-For'thehﬁheinger
proflles, @LM 15 and &H-ﬁj'; | an‘d  &ﬁ«'q&. é, “3 ‘,for'
the Dyer-chks profiles, oLM —_:'@'Le;‘ i@ " and oL “—o, thus,:
there is a fortultous cancellatlon of the R term. vTable?‘l" |
‘compares gN w1th the exact value of @ for the two w1de1y '
d1ffer1ng vaiues % ao o@lm, " and %om g,awg . We se_e
that %N is a close approx1matlon to & for” e I \(-"c’}v_. g ~.
(error ~ 1. 4/ for% v .001 m; ~_‘2.,~2/q for %_o = §.0m) . We,,
'note that-—§“ systematlcally ox}erestimates ~-< by a smallh, Ny
amount that slowly increases with 1ncreas:Lng RB and

decreas1ng 2 jzo .

The contrlbutlons of % to Y are generally small'-’”"f,,j,

o we can deflne \V(%/L)as

.Z-?O

(2.28)




»f Table‘l. Exact and approx1mate (Eq.az 22) values ofE;for

14-—L_<1A3000(meters) and 0.0( 01 § Eé:$ 5 (meters) " The

-'exact values of —L and = % are glven 1n columns one and two.

Columns three to flve are the approx1mate values of % for .
N O 001 (a), O. 1 (b),‘Sm (c). ' '

: , ‘C'a - },v,-.. l (CYE H_ (}

10000 . 0.005 _ .500 - 2 .500 - 2 .500 - 2

5000 0.010 100 - 1 .100 - 1 .100 - 2
1000  0.05 . .s00 -1  .s01-1  .s01 -

5001l’7vio,107l‘ - .100 S ,‘AQ1oo' U .100
2000 6;25ov ~.250 o .253 o L252
100 ~0.50  _~“1.507 ;Afﬁ- .511 . .507

s0 1.0 1;02[‘ ”fl' 1.04  1.02

25' 2.0 - 2.08 2,11 .04

10 5.0 5.32 . 5.45 5.13




”}.‘sb._--"tﬁat_’; L

miney

for most practlcal purposes. ThlS approx1mat10n is standard
1n the boundary layer 11terature, 1t justlfles the‘::

approx1matlon, ,;af”f'

":?fff'(z;gq)ff"

| The exact form is of course, = . .

(2 31)



The latter expréSSion~is used in the'current‘MRF,‘

B. = Formulas for small -Z/L

| Having afflrmed the approx1mate equallty'cmFQ and 5& for-

—-% 4~0 5 , we shall verlfy that %11P{ can be’ falrly

v Well approx1mated for ©4§ % 0&5 byv

W = (q°+k“§):§9 G A e S
e ‘ :‘,‘fk’x% R T S (2.32)

ij determine the values of nglaqs b‘ we expand (2.32) in

“p0wers‘df T

2 (e tansT)(1-b S T ED)

o

(a g+ a 85y (14 b §} ) -4

s e ab) § (bt

*{5.33) 




| The expansion of , to second order yields

EE (2 ;.’:3"‘4')

:‘_ylln Wthh § and O(%a)have been neglected. A term?-by-term
5 comparlson of (2 33) w1th (2 34) shows that Qow - "-{ |
| and Og b — o, ’LD | The coeff1c1ents O-” E, ‘can be

. _’f‘:determlned by expandlng LVW to the % term, thereby ‘
';tprodu01ng a Pade approx1matlon (Bender and Orszag, 1978)

' .fWe choose, however, to determlne a~.\ 3y b’ -t_hy”«for01ng.

' »collocatlon w1th

- ,L_\),Mj-at" rﬁ 5»"‘9".51 WM ( 0°5)""* O 5 '-(Ol 33 58 "’f\_,Tl,léalrés‘ult‘

“is




) (§) = “'%% ¥ 5, \"\O%
k\)m“ ) B e.masg

A similar calculatibn«fof"S¥H<;'OL5):ij2:8nQ 29 f,gives, o

\\) (g)- 8% +q 5‘@3%"‘
‘, ',uqsg

Q $~8& & 0.5

v‘.Equ__;;; (2‘.35', »‘36)’ approx'imeﬁe \";‘LPMIIH (%):. for " 0‘§ - % § O~5-
within about 109 : FurtherJaeeuraey can be'had’ aithouéhiit .
is probably not needed by forc1ng hlgher—order collocation.
By requiring collocatlon at - & = O‘, O C)S o Lo, 0.25

and .50, we can derlve the approx1mat10ns

N (a..gwagfg +12.32188)

2.37
BEEEATICE ¢ v booungr > 5 77

{ and



"-,d Ro= O!\f@lf_j' we see,that Q%L

_5%g£§}_3,t ﬁﬂqao%-rzq Ny %§}°frﬁ~*t
g‘ I-e. M“@ Eat %1938

“i(é;38)1

Z—’ SOW’H r :
Q'Z- and LFM""O'VqI‘V»
%’ "HVpb. That 1s, Wﬁﬁ and ﬂi%represent falrly

In computlng

'modest perturbatlons of the more domlnant QM%,/ '%o term As

o  the 1nstab111ty and roughness 1ncrease, the logarlthmlc term~h

'floses 1ts domlnance.»’

k"-1We shall now take up the problems encountered when we deal

"ffw1th strong 1nstab111ty, that 1s,;~‘§>-o 5‘ : We flrst
'“yderlve 51mp1e asymptotlc expans1ons for W%1H that are va11d‘f

',':”"'“for the general case = (‘ \J g ) ?

;QThe method 1s useful because 1t clearly shows the behav1orv’
%ﬁq H »f;and because 1t can be applled to cases 1n"

VWhlch §V?H are not 51mple fractlons (example.' Dyer s

| earller relatlons that use E’M" O .ng J%H — O 55‘ ) o We,i
'dlscuss the problems that can arlse for. ~J§>>! for both the5

‘approx1mate and exact,solutlons 1n Sectlon D.g




- To develop s1mp1e approx1mate formulas for %@4 " that are
valld for . o e

—% > 2 0e 5 , - we decpmﬁqée “\)(ﬁ) 1nto two inte‘_v_g'r;ailsv:; o

'Wheré B =Y 7;,/1— .
o k\)(_%'} can: aiso be vﬁrltten as
YW =T () ~T,

(2.40)

in which




o oamd

T o= liwm \.m'wy_,’-;- o
. f=>w ¥, >0 ‘kQ‘ ‘?:¥TK (2.42)

~ where

“‘f‘.‘(2f43)

S _'We fJ_rst focus our attentlon upon X v\ '« We.add and

“‘:fsubtract ’BL‘“ eg to I. , in order to c-‘.reate"inte'grals |

3‘0_" ) | 3—\) s



\ r-%f?g%x-%o X, 7 dh&
‘e ]
= Fa = him liwm S Lo T !
Sb W e OO /)Lo..;so ,«'_D_/y‘e % Ot%

' :l du'
: 1 f v
Yo e (2.44)
. -\ —"}L, E \/\. . ,bl_ ) '. v
The'presence of &4 € . prevents Iq. from dlverglng~:
logarlthmlcally as m,—a o ; but it w111 not thwart the

dlvergence of 3}_ as Y“4>D ;5 We recognlze the second term

"1n‘T& -as the deflnlng express1on for the exponentlal

1ntegral functlon ,’ ;‘(u) (Arfken, 1985)n
e : | :
E, (w) SU‘“ _E_A:t o o as)

that for small u iS'giVen by the series



§ Kj;4é).;ﬂn

”j Here ?S 1s the Euler-Masheronl constant deflned by

_ B 5*"}"’: z,ss- @@35‘

: i&m%v - ¥ S5 2 a 8)




‘We are left With'one.logarithmic divergence in the
“evaluation of::E& . ThiSVCOnstitutes‘no special‘probiem, as

:wé shall see.

We now examine

We begin by writing the integral expression forjtheigémﬁa-

functionyxﬁ(ub'as

(2.50)

g o B ‘: °0 - ' & .-,-t- lé},ﬁ.
MPM = joc}dc %Q et

| c'”JC (o e ) . | (:2,:.5_1) 



whlch of course is. the ‘same as [\ /ir (‘k\] E& r'(u.)/ &w] .
: Thls logarlthmlc derlvatlve is the deflnltlon of the Euler

";;’dlagram' or p51( functlon (Gradshteyn and Ryzhlk 1965)
wy= 2— ,e R
o Tf L ) F ) (Lu. '_o ¥  ’"'~ e’ ] «i‘t (2.52)

',Let ﬁS‘now rewrite;the‘éeéOnd térﬁ o£ '3}

- and change_vafiablésf'/¢e7 ¢ﬁ1~k. } jThisi¢hange yields '

 -5 (\%'Mﬁ) &Jl-; SQO

an equality that permits us to write

 >:f,L j4 ;:*§?   ”,#‘ _f? | e;w__ :?; ﬁ ”f?;;ﬁ:f*” ‘ 7f i7 ""



: Thus,:{ib is 51mply equal to the Euler d1 sgamma functlon
Certaln values of the dlgamma functlon have been tabulated,

values of partlcular 1nterest to us are,

?E(\;l'\) | -"‘\GP - 1 Ji‘”ﬁﬁ = 363 510 0‘14,:

| T]—JE(\/‘*) = ”%: ”E_ %’Q’ﬁ » 5

-4.227 ,‘151’3;.’534/ | ‘-(‘2..55)‘
Yw— -—‘af wm

9m 32 S350, 035 7%'?_

Let us now1turn'our attentlon to:E and I: To approximatew

these functlons, we need only to expand ]:z;‘ft

SN BRI
- ?‘[2_: | S% .»‘u(\-\- qL) ?CL/\L

s j v [ | %C L B

If we requ1re that 0@7\ , We can wrlte

%L:ST;ML&\_N[& ERRNIN LA

<

|
= |5
|
| T
=
.
,.+..
T
S~
-
5»5"’
N

(2.57) "



$ gzﬂ , 2 ( % +z) (z 58)-";:.; -




The'presence of ﬂﬂf in-tijn is precisely what we need to

~cancel the dlvergence 1n;T . our finaljresult isbthe

51mple expre551on

W= B s Seip F LT (g)

(2.61)

rAlthough we have been less than c1rcumspect in our
manlpulatlon of 11m1ts and dlvergences, our flnal

: express1ons can be justlfled‘

fthey yleld_eprrect fesglts.

Lot espsdaions for | ‘V (%) and ‘v (@)mth = obz

LR

~are glven by

Y~ =2.650 127 gaq [T

.\' . : } “ o
(—g).\ﬁ-}i (» S)T/L{ * \’1 1L8% -‘ (—-%)qf | (2.62) ‘

‘and

Y, ~ -L286 234 36y + o



RO W B T Toae o @)

O»'.‘r
'EWMG)=~OBWQM\W +%(g)
+ AL s' B 'i‘ + (z J64)
Q%)"‘ wo Qg) /q 2, 233 Q%),q»-w) ;

W (%) ~ \ ?J%fe ML\ 3@1 + Qm(~g)

"lil:;gltlz'a.r:iw ‘r-wz@
-l* ‘Z. g)vL 14y (_g)%- + "_,201“\80 ‘("§)S’p;+‘f'f o L

,.-Relatlons (2 64) and (2 65) r along w1th shorter vers:Lons in -

L i -5
"'Wthh flrst the (—— %) 5/7* term and then the (" %) /7‘

i _'ﬂterms are omltted are shown 1n Tables 2 and 3. As

'-v;-‘expected the accuracy of the asynytotlc relatlons 1mproves

. "-":as (—33) 1ncreases anais the ( %)"3/2' and ( CS) /.

: r‘:terms are 1ncluded 1n the sum. We see that : .\fa)
: are. accurate w1th1n about 1 7% or 1ess for v" 3>/ 0. 1—\5

: and “\’ O w1th1n about 1.§/or less for'—~ % 7 0.5 0.

o S v .
‘ Accordlngly, k’g’ﬂ)H w111 be ad pted as. adequate

3

':approxlmatlons to L‘JM . - for ng‘ﬁlnstablllty, that 1s o

”"“,'for w% »0:50.




Table 2. -
approx1mate values calculated from Eq.

g = WD) e (—

(z)) (S) \lq(

Comparlson of the exact values of“VM(%)w1th the‘

(2 64) w1th the

«Q{>'terms;:'

- g W:,Ixac-b g's) ((:) ky(”. »
0.005 0.01952 8.886 -3.356 1. 345
0.01: o;bééis_if 1.239 -1.135 v‘ 0,8417
0.05 lb;isjéu 0.1606 0.09176 '0;3551'
0.1 0.2836 0.2797 0.2652 0.3763
0.25 0.5319 0.5310  0.5201 0.5645
0.5 0. 7934.7 1 0.7931 0.7928 0. 8076|
i;b 1.116 1.116 1.116 1.112
2.0 -A1;495‘ 1.495 1.495 1.497
5.0 2.068 ”gz;ossf 2.068 2.069
50. ‘ ‘3:736 3.786

3.786

.3.786




5;,’Tab1e 3., Comparlson of the exac =V

k'approx1mate values calculatedf:from Eq.

s o (— w‘“”) TR CL VDT

0,05 ?o 3154

_ngiéﬂ . 1. f5o 5343 i

es of \‘\) (g) w1th._-5the i
(2. 65) Wlth the’. “

LVU)) terms. :

y(zy
"o

: T =
ﬂhf% WJ“awawW%s*

“ }0 03885 ;ff‘ 11.14

| '?okﬁiﬁfxf ff{0707559vf§f§; -0. 2805 f*'

"jAo.09285;

C1.386 1L 381

. 881}35_*?;3};1 879

>;2;0¥;  13,,2 431"Q¢E5r:;f2,431i57’

© 0.4607

| ”0,9624»;{aggjf_o‘g4éo:;::-

-16.48 ..
-'5.163

10.005500

0.4452

0.9444

i.381x

 1 879f?,f

'f;z 431i --

:33,219Q”:

. 5.369

i1}781"
0. 6266i5
f{go 6648n ’

jl;ooo,_.f

l 886

.}2 433”)f

3219




D. g Preparing the Formilas for Use in NWP Models

The‘boundaryllaYerqrelations.tnat we have examined must be
'-appllcable to. reglons of extreme Varlatlons in 1nstab111ty
'dand roughness in. order to be useful 1n NWP models. NWP
models often eXhlblt far stronger.varlatlons 1nﬁz aner;
than would be expected in boundary 1ayer fleld experlments.‘
”iWhlle it 1s expectlng too much for standard boundary layer

' relatlons to yleld accurate results for all modeling
scondltlons,Jlt is reasonable to expect that the relations

will at least not degradejmodel performance;

 Fortunately, the appIiCation of the new relations is usually

straight-forward.dehe steps are:
: ~‘1).Ré,is calculated from (2.5).

- 2) 8 is caiculated from (2.22).

are computed from

. 3) \.?M (.% N) and %) 5 QSN) .

(2. 37) and (2. 38) :for —SN\ -Sand from (2. 64) and_ll :

(2 65) for ~$ > ,0.5.)_7‘

4) ApplqulimateFm‘ andﬁfrom £



;H (2.66):

. sa) Estiimat:eﬁll_*and‘»@v rom (2.8) and (2.9). . .

:5b.) Alternatlvely, co,‘ vute the momentum, heat and;ff

hum1d1ty transfer coeff1c1ents frol_'

"6a)>" Compute the fluxes"\: and‘F us:Lng (1 7) and (1 8).‘
’I'he latent heat flux "F is calcu.late_d from_‘ (1.9)

and the relatlon, )J‘

Cb%ﬂ = Agﬁ g e N f (2.68)

ThlS formula for Cb% follows from CQ | ‘QH

and the extens1on of (2 8) and (2 9) to Aﬁ




6b) AlternativelYJ“fF3;

. ifcanfheﬁcalcnlatediffom
U T T '

: ""(2_‘59) o

h‘“Stepsv(Sa, 6a) and (5b 6b) glve the same results and merely

jdiffer in form
.Byzconftast,‘the MRfifcllcys:this ptccednfe:
'I;)'-’;_Thejls’,éme as 1)
e;I;)d}%v‘ls calculated by 1teratlon.h'fheﬂ’exact)'

' relatlon (2. 21) 1s solved us1ng Newton S method to

a‘an ’accuracy that 1s substantlally greater than

~ needed. .

“VMJH U‘»)

“ which uses (2. 19) and (2 20)‘

- are not neglected. ¢f1”~~*

oo C© sﬁ*@; §.) end



(5,8 ) - wDM ‘E (a s )] (2.70)

G %) & U,n% ‘f (gg)} M ”](2 ;

:We see that LVM H and FET “‘1ncrease as-—% 1ncreases,
accordlngly, CP%ki)Q‘ 1ncrease w1thout limit w1th ;ncreas1ng

slnstablllty.

l;E.*ithsical.and'éombutational”Limitations_

‘fThe steps outllned above prompt questlons about the llmlts
‘of accuracy of the approx1mat10ns as well as the limits of
sultablllty of the ’exact’ relatlons. The flrst question
concerns the capac1ty of e1ther the approx1mate or ’‘exact’
_esolutlons to glve reasonable fluxes where h 1is not much
larger than -Z. 2% The second quest1on concerns the
fldellty of the exact solutlon and. the p0551b1e breakdown of
- the approx1m_ate solutlon when ——3 is large (>> k) The

h third questioh is: Of what use ls‘the approx1mate solutlon

’fwhen -L 1s not much larger thanzg(and perhaps even smaller




“1than’21“ ) These questlons are related of course, and

“'fi¢they have no completely satlsfactory answers at present We;;::pi

d“shall sugges mseveral rather pragmatlc prov1s1onal ;;g;if-’

"}}Flrst quest1on.. It 1s known that the logarlt mic‘w1nd law N

.,7;7fls not valld for Zf«uziﬂ“ 'It 1s also knownthat for both

“‘A,.',;,z‘fsmooth and moderately rough surfaces w1th % / ‘Z }OO

both 1aboratory ‘§'>”

3

'E@that the logarlthmlc w1nd*law¥1suva11d foh

‘;(w1nd tunnel) and atmosp;‘rlc‘measuremen s.'yFollow1ng

‘“ﬁfneutral case that %‘ ~.l;

F4~Garratt’ :'r,oughness'sublayer’

At helghts much lower than.z the 1';1_;duallroughness

‘elements can be ’sensed' ay’t e’ result of‘turbulent wakeSjﬁﬁ

'c;created by flow around 1nd1v1dua1 elements._ ThlS Vlolates

vf;the 51m11ar1ty condltlons that lead to the conventlonal

e -flux—proflle law by for01ng a 1ength scale (z;‘)xn addltlon{-o\~
rd{be used 1n determlnlng <QM H
'”fthat the wakes of 1nd1v1dua1 elements propagate to helghts
i'several tlmeg(say,‘~4) the helghts ( ho ) of the average
,;roughness element. If we use as a crude rule—of thumb that

” '¥E ﬂJ\w /10_, then the mlnlmum helght for the proflle 1aws

,v-.:;'to be valld 1s z ~ L%o %

f} Wlnd tunnel data suggest l.;fgff7'



Garratt's (1980) analy51s of data from two "flat very.
vrough tree—covered terraln" 51tes suggests that ‘Z%%A»Bb 2:
‘for momentum ‘and- that . Z., A,&OO Z: 'for ‘heat. -Th1s~1s a
1d1sconcert1ng result It means that 1f the 1argest

roughness lengths in the MRF are, say,-2;

|0w| ’ then the

‘standard proflle laws do not apply to: helghts below ~350 m.

for momentum and”lOOO m for aeat (and presumably,,g‘
humldlty) Both helghts are ’great as or greater than the
-helghts of the lowest (surface) layers of most NWP models X
and render 1nva11d ‘or at 1east call 1nto quest1on, the‘

surface fluxes.

.In'our calculations,'we shallgtake‘a less”restrictlve‘
position and‘asSume that the surface profile‘laws are valid
provided . itfh | -1 o |
N> 10%, _7 . If we encounter p01nts where Z S h/ lo |

‘then we Wlll decrease Z so that we satlsfy the condltlon Z __h/\o,

' Second question, The Bu51nger—Dyer-chks profile laws are
thought to be reasonably accurate for - F / oL . Model
' computatlons, however, can . create unstable condltlons that
‘51gn1flcantly exceed thlS moderate 11m1tatlon. For these

cases, computed fluxes can be completely unrea llSth.



and'h

~'When - 1ncreases, “KE-M

H3)Q, Thls decreases FM .Alncreases C

Hc"
. and- C‘ (see 2 70 2. 71)

'_jexceeds the 1ncrease 1n C’ thereby decreas1ng the

M\-{Q'
' f‘fluxes of momentum, heat and humldlty.? Thls sltuatlon 1s

3 typlfled by Case A of Table 4.; The near neutral condltlon,

‘7~L-“ \Ooc>vn f,,w1th the strongest w1nd (—;2J1v_m/s),_gf
produces the strongest heat flux 1n Case A The most~
"unstable condltlon of Case A, —.t_” ’f;-w1th the weakest
’h}w1nd;(=r@-6ﬂ‘m/s)) produces the*Weakest flux. (Note: the‘
~ heat flux 1n K m/s can be converted to W/mz by multlplylng

*'bY LA K \03 )

"‘CaSeIAlWith S t%ﬁd#. O. o\ m is typlcal of boundary layer'l

”field sites}.lCasessBﬁ C and D w1th ‘Z = 1 ' I o m




:*7Tab1é*4.

w1de range: of w1nd speeds, temperature dlfferences,

lengths.'n

‘fiiidéﬁiak

C=ban) =
e
ﬁ~2°ﬂ. o

*(dszl) =

25;9_'

1000‘”
- 0,05

100 ‘;E»

\ro -

0. 00001

gl 30

.,_; *9(\( w/s) =0.111

ahove

510J4;i

‘~'z a.boue

16 2
1000
‘0.05
“0. 001
£2,97
0 382

0.0001

”-O 150"

0,0434 -

0.5 =

'ﬁO 0l

1000

0.05

0.01

7.810

e 4117:’”
. 0.197-

3. 28:f

.100

0010

a3 ss,v"’"'

1,410
126

"’100

S

‘ﬂlFO'mﬂ
o 0.01
,0.191

040625 - (

;Ofgityngjtf

L

dowm

o

';5 25

50"

100
..0.0002 ¢
0,086 -
10,0342

i 50&"'

”,,1 0
10.02 -
-0 246w5'¢ﬂ
0. 182“4‘*“

2-31}}u*
=; 50Qi“
"?Iwolr*'v‘wu
:o,ZQ_L‘jaﬂ
0,935 "
7 1.350

'3.68.
: 25 __i

Lo

- 0.0004
1 0.0439
040275

10
s
0.100
0.0872° -
0. 192 o

1 03'

1.0
- 0.394
S e1.85

2.29
10

s
0.001 .
0.0202

. 0.0214

10"

0.0414
0.0629 .

?!fbown

1.60

,epil:iiad

L0

rIO;QOZ

5

1037”."
0.20
- 0.0589
10,214

- 0.729
=722

"10

2.0
- 0.276

2.17.

" o0.s38

20
0420

Towm

Yooy

Momentum.( LL¥ ) and temperature fluxes (“UWee ) for a

and roughness

A elf{j

.0.002
'0.0114
0.0182

0.0332°
0. 0143

0.493

o s0
1.0
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0.299°
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50

- 10.0°
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&re eXamplesfof:areas"offextreme-roughnessvfound.in NWP- .
- models. It 1s w1th Cases B C and D that we encounter

"computatlonal and phy51cal dlfflcultles.

In'all cases‘the‘surface stress decreases with 1ncrea51ng’—
{h/h{‘ In sectlons B C D we: observe a.cl urlous behav1or,‘

~ however, as the w1ndspeed decreases, the heat flux
ddecreases, reaches a m1n1mum, and then 1ncreases Th1s is

‘fcounter—lntultlve.v case . C w1th£Z ”IOmals partlcularly ‘

vextreme.p The lowest w1nd speed e o-ﬁgvmls :, produces

fthe hlghest heat flux 3 N K #n

“QCi'3C\°O “’V“ * )*7nﬂf -about three tlmes the solar,.

,pconstant‘ We seek to ellmlnate these runaway heat fluxes.

| ‘Although 1t may appear that &:gf and ng (both 1ncrea51ng
functlons), eventually equal ind then exceed,bﬂ—hlza, caus1ng
a‘the fluxes to become 1nf1n1te‘and then revers1ng 51gn, th1S‘

:pls not the case.~ From (2 6f— 2 9), 1t follows that “3224 H

”ﬁapproach ‘but never equal or exceed zero.;'

m,Onithe~otherhand Wiiﬂs are only approximations toEE' o Fot,;”
Tvlarge enough 3 l‘\"MH'Wlll equal and then exceed Qm.h/zb o
tdfcaus1ng the computed fluxes to blow—up and then reverse

i s1gn. _These nonsen51cal and useless results can be

'preventedi as we will see.

T{Consider the:smallestfallowed'value'of,h/%c, that is,



b Jf&,f‘f r lf'fﬁow,(tryllncreases faster than %ﬁﬂ
' For very small 5z ‘¥“—~°~8 & , L? =4 g (see 2. 35
‘f2.36). For Very large -% ‘V ~ Eq (2.65);' &P ~ Eq.
J(2.64) : Slnce for large 3 ~and notlng that QN\(Vliio) v“‘Lﬂ\C):
4.3  and also that w. ﬁJL 29 *R”W;%) sk ( ¢ )_ o -
sﬁtmeemmlto[gf“Qh/%Q]
\¥ (%)3 'f, we get %-.—\“1 Thls/means - § ="

‘1s the largest value of 1nstab111ty we can use ‘and be

wvwkxb

assured»that C?'~ (Eq. 2 67) does not blow—up.' Th1s

bllmltatlon is unacceptable.

There are several artlflces that can be’employed to avoid
. some of these problems.: None of these dev1ces can be fully
.justlfled however, by appeallng to fleld data.y One ‘
artlflce 1nvokes free convectlon.- There are at 1east four
ways that this can be" done. Flrst Deardorff’s (1972)
convectlve veloc1ty scale mk*,can be ’sw1tched on’ whenever
' the values of C, 24 Cm(neutral) and C‘H (’a (, C
(neutral) The convectlve veloc1ty scale 1s \M%: (3ﬁ:t{hgc EU/B
1n which H is the helght of the convectlve boundary layer.
»Second free convectlon can be 1ntroduced by fiat by forc1ng
the velocity: dependence to drop out of the calculatlon of ?:
whenever -3 - RE» Sh

exceeds a spe01f1ed number. Thlrd the Bu51nger—Dyer—H1cks
yflux-proflle laws can be used for -~ % Cc=:’constant,

”‘where c. is on the order of unlty. For -% >(:¢ , We use



:‘a,re pos1t1ve
"*“":'c‘:onstants. :2: Fourth flux-proflle laws'can be used that e

...embrace free convectlon as ptotlc 11m1t..‘:‘, The KEYPS

| fu}i(or O’KEYPS) equatlon 1,s a well kni ’f’n‘example °f thls-:_ e

- ‘“Invoklng .Deardo.rffv"s mlxed 'laj’yer scallng' to 11m1t ‘runaway VF;
f_f‘l‘_‘*lnvolves several assumptlons relatlng to (FH Q It 1s

_jassumed that U can be approx1mated by e ,‘7 W* ’ and that :

| C* = L\ Cm (neutral) ‘and. C %“ Q ,;,C (neutral) Thls

_,_“_fleads to

3,#2

We see that the surface heat flux depends upon\ A@[ d,:

"'"__,that there 1s no 1onger a need to compute RB g lf and F g

: M%Hj_f 5

e‘assume that

‘:»I‘ntroduc ng free convectlon by f1at is: rather d1rect. We s



where1A and.M are constants. To force U to vanish, we

- choose M=1/2l:'The result is
“F ’"“APC @h) IA@\ e

Deardorff’s result is similar; exceptlH and h are
- interchanged. Carson (1982) also,ineS‘a free-convection

~result. For h»2_, his expression is

# N A e Cg» Gz ) Aég .. .(2:_}7-5_‘)_

This. result shares thelA(N : dependence Wlth the two

’preVLous expre551ons. The dlfference 1s the length scale% .

The thlrd method takes note of Wyngaard et al.:’s remark

‘ that CQ (%j o ?-wﬂ\ ;) (See 1.18) for o»b 4—3(& .

~

- We speculate that thls V3 law also holds for all - gzz.and



' also that ‘P (%) ~ \o(§) holds for 457/05' After‘integration 4

"from % to h we have

M H - TR 2'
”:v;i\fmm ( o 5 370 51 ) %&%) 'y 9/%’2_ . .‘},'(2}-._7’6‘)“

”vwhere b . _ CO;&&_\:S :
~ our method f'of deanﬁg’mth large -§ and 2, ‘will not invoive
: '}»'vlnvoklng free convectlon but by 51mply llmltlng 5‘\)” " L%)

| ,ané k‘)l"l,H ( %)

" We flrst note Table 4 does not seem to 1nd1cate a ,m" ’imum'.

,jvalue of Us 9 for any—*partlcular value of U "R ,
% B 5 A 9

: h er 5 However, hv ; ’1n1ng many examples, 1‘a‘;5r;‘;5;..

vpattern beglns to emerge_ 5m'il'{lmum;qc curs forﬁ ‘Sm‘alfl -Land

o ',large z, wherever

—0



That is, a m1n1mum can only appear when.z beglns to approach

the 51ze of -L,

0 12 U - (2.78)

'To av01d the problem of runaway heat and humldlty fluxes, we -

: choose'

o (2‘.;77,9)"’"

2l

BT

Thls ch01ce has the added advantage of assurlng us that

W)

M H(@ )can be neglected in comparlson to L\)M ” (g) .
} 1 ) 3 v

 To achleve the restrlctlon on bz /\_\ ) we 51mp1y increase
._L; We do thls by 1ncrea51ng U so that YZ /L\ éo QiSf
vsatlsfled. ThlS change decreases C** Q- so that the‘:

poss1b111ty of runaway heat and m01sture fluxes is av01ded.



B T Su arz

',A s1mple, economlcal method has been derlved for computlng

‘”ffwthe surface layer fluxes offmomentum, heat and humldlty.»

fo,correspond to., weak and‘ml d 1nstab111ty,‘

"t”The functlons 1nvolved 1n comput”tlon have been

fffs1mp11f1ed and Spllt 1nt0't, ”?,iTce‘categorles L

strong;f

”'galnstablllty._ Pade~- llk,yfu,ctlons have been derlved for -

f}the flr’tv‘case.= Asymptotlc'functlons1havf been derlved for

‘-;‘E‘.fb_‘i:«'the Strong]_y unstable case.

w;To av01d unreasonable fluxes, two restrlctlons are pthed on"

v::the use of the method. The flrst restrlctlon is 1nvoked

*55;‘when 2-4955 that 1s, when the surface s1m11ar1ty

‘f,yrelatlons are forced to apply to the"roughness sublayer"

‘"lfgs“The second restrlctlon 1s applled whenever the surface layerj"

c;becomes so unstable that-wl_<—% E, ’; Phys1cally and
',computatlonally plaus1b1e reasons for the restrlctlons are

?lpresented.ffx
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